Residual nilpotence and relations in free groups  by Baumslag, Gilbert
JOIJRNAI,OFALGEBRA 2,271-282(1965) 
Residual Nilpotence and Relations in Free Groups’ 
GILBERT BAUMSLAG* 
Graduate Center, 
The City University of New York, New York, New York 
Communicated by Graham Higmnn 
Received February 10, 1964 
1. INTRODUCTION 
Relations between elements of a free group lead directly to identities for 
all groups, and are therefore of considerable importance. In 1958 
R. C. Lyndon [S] initiated a study of relations in free groups; in particular 
Lyndon proved that if g, , g, , g are elements of a free group and 
then g, , g, , g generate a cyclic group. Since then a number of generaliza- 
tions of this theorem have been obtained by E. Schenkman [14], John 
Stallings [16], Gilbert Baumslag [I, 21, and M. P. Schiitzenberger [1.5]. In 
this latter paper, Schiitzenberger shows that if 
where now p, q and Y are integers greater than 1, then again g, , gz , g generate 
a cyclic group (cf. also R. C. Lyndon and M. P. Schiitzenberger [9], 
A. Steinberg [II]). 
Similarly, if instead 
is1 &%1gs = g’ > (r > 1) 
then once more g, , g, , g generate a cyclic group (M. P. Schiitzenberger [ZJ], 
Gilbert Baumslag [3], and A. Karass, W. Magnus and D. Solitar [6]). 
‘I’he purpose of this note is to state and prove the following theorem, 
which contains the aforementioned theorems as special cases. 
1 The theorem proved here was discovered independently by Arthur Steinberg and 
the author. See ARTHUR STEINBERG AND GILBERT BAUMSLAG, Residualnilpotence and 
relations in free groups. Bull. Am. Math. Sot. 70 (1964), 283-284. 
* This work has been supported by a grant from the National Science Foundation, 
Grant G.P. 27, 
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THEOREM. Let w = zo(xl , x, , -*I, 3,) be an element of a free group F 
freely generated by x1 , x2 , ... , x,, which is neither a proper power nor a primi- 
five.” I f  gl. , g2 , ~~~~ gT1 t g are elements of a free group connected by the relation 
w(g, I g, I .--1 g,) = g” cm > 1) 
then the rank of the group generated by g, , g, , *-p, g, , g is at most 71 - 1. 
The proof of the theorem occupies Sections 3, 4, and 5, with Section 2 
preparing the way. 
2. AN IMPORTANT SUBGROUP OF A POWER SERIES RING 
Let Q be the field of rational numbers and let 1 be a nonempty index set. 
Further, let {Si \ i E f) be a set of indeterminates fi indexed by i E I and let R 
he the ring of formal power series over a fixed field Q in the noncommuting 
indeterminates ti (cf. VV. Magnus [lo]). Thus every element r of R may be 
expressed as a formal infinite sum 
where rO G_O and yj is a finite sum of monomials 
of degree j; and the equality, sum, and product of such infinite sums are the 
natural ones. 
It is easy to see that the set D of elements Y E R for which rO - 1 is a sub- 
group of the multiplicative semigroup of R (cf. W. Magnus [IO]). It is also 
easy to see that D is a group in which every element d has a unique nth root, 
denoted dllTi, for every positive integer 7~. In other words 0 is a B-group 
(cf. Gilbert Baumslag [3]). There is a further property of 21 that is worth 
mentioning, namely, that D is residually torsion-free nilpotent, i.e., its normal 
subgroups with torsion-free nilpotent factor group have intersection 1 
(W. Magnus [10]). 
In actual fact our interest centers, not v  much around D but around a 
particular subgroup C of D. Let us call a subgroup of a 9-group which is 
itself a %group a B-subgroup. Then C may simply be described as the 
intersection of those Z&subgroups of 1) containing the elements 1 -t fi for 
all i E 1. Since extraction of roots is unique in D it follows that C is itself a 
LB-group. 
‘L An element in a Eree group is termed primitive if it can be included in a set of free 
generators. 
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Let now, for each j > 1, N,+i be the subgroup of C consisting of those 
elements Y in C of dejiciency at least j + 1, i.e. 
Y -0 m- for O<m<j. 
It follows readily that Nj+, is a normal subgroup of C for j = 1, 2, -1. and that 
the Nj have trivial intersection. 
It follows immediately from the procedure developed in W. Magnus [ZO] 
that the elements 
(1 + 6i) Nj+l(i E I) 
freely generate a free nilpotent subgroup (of class j) of the nilpotent group 
C/N,+, of class j ( j = 1, 2, .a.). This fact leads us to an exceedingly important 
property of C/Nj+i . Before we are in a position to explain this property, we 
observe that the very definition of Nj+i ensures that C/Nj+i is torsion-free. 
This means that C/N)+1 is a g-group. For on the one hand, extraction of 
roots is always possible in C/N,+i since this is the case for C; on the other 
hand, extraction of roots is unique in a torsion-free nilpotent group (A. I. 
Malcev [12]). 
We have therefore arrived at the following situation. For each j = 1,2, em., 
c/Nj+l is a nilpotent g-group of class j such that every 9-subgroup of 
C/Nj+i which contains all of the elements (1 + &) N,+i(i E I) coincides with 
C/N,+1 . In addition the elements (1 + fi) N,+i(i E I) freely generate a free 
nilpotent group of class j. Consequently C/N,+1 is a free group in the variety 
of %+-groups which are nilpotent of class at most j, freely generated by the 
elements (1 + [J Nj+i (Gilbert Baumslag [4]); in other words, if A is a nil- 
potent g-group of class at most j and 0 is a mapping of {( 1 + ti) Nj+i ] i E I} 
into A, then there is a homomorphism 4 of C into A which agrees with 6 
on {( 1 + ti) Nj+i / i E I}. This property of C/Nj+i enables us to prove that C 
too is free, in the following sense. 
PROPOSITION 1. For every residually torsion-free m’lpotent Bgroup A and 
every mapping e of 
(1 + &;iEI} 
into A there is a homomorphism 4 of C into A which agrees with B on 
(1 + ti; iEI}. 
Proof. Let B be the (absolutely) free g-group freely generated by a set 
{yi; i E I} in a one-to-one correspondence with { 1 + ti; i E I} (cf. Gilbert 
Baumslag [4]). We recall that this means that the only %subgroup of B 
containing all the elements yi(i E 1) is B itself, and that for every g-group X 
and every mapping 0 of {yi; i E I} into X there is a homomorphism 4 of B 
into X which agrees with 0 on {yi; i E I}. 
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\Ve now “compare” (.’ and A via B. Thus let a: and /3 be, respectively, the 
homomorphisms ot’ 13 into .4 and R into C defined h? 
?‘,I (1 5r,)& y,p = 1 + {, 
for all i E I. Let K be the kernel of 12 and I, the kernel of 13. VVe shall show that 
K contains I,, thereby establishing the proposition. 
To this end let ~8 c- D and suppose y  $ K. Since R/K is residually torsion- 
free nilpotent, y  is of infinite order modulo some term I?,, t , say, of the lower 
central series of B. kl’e define now ,!?‘j+I by 
&+I B ---- =- torsion subgroup of K:-- . 
1: ! 1 I!1 
Sotice that BiAl is a normal subgroup (indeed a characteristic subgroup) of II 
and that yAj.+t is a nontrivial element of the torsion-free nilpotent group 
B/‘i?j+, . Since C/N, +r is a torsion-free nilpotent %group, the mapping j3 
induces a homomorphism of B onto CjN, , t whose kernel certainly contains 
4-1. This means that the mapping 
ri : y$, L1 + (I + ti) Iv,+1 
defines a homomorphism, again denoted by 0, of BIB,,1 onto C/N,+, . But 
C;iiV,,, is a free nilpotent Y-group of classj freely generated by the elements 
(1 i E,) Nj~bl . Hence the mapping 
T : (I 7 Et) N,+,-l+YjBj+l 
defines a homomorphism of C/-XFj -r onto B/B,, r . Clearly u and 7 are mutually 
inverse, so u is an isomorphism and therefore, in particular, one-to-one. 
Consequently 
The kernel of 0 clearly contains LBj+Jijitl. Thus y  $L which means K 
contains L as claimed. This completes then the proof of the proposition. 
The above proposition has a number of interesting consequences. We 
derive here only one; this will be of use in the sequel. 
We continue to adopt, without further ado, the notation we have developed 
so far, except that we now assume I is finite: 
I = { 1, 2, ‘.., n}. 
COROLLARY. b&t g, ,gL , '.., g,, , g be elements of a group H which is resi- 
dually torsion-free nilpotent und suppose 
.qgI 3 g, , . . . . R?,) = g”” 
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where w(xl , x2, -.a, x,) is an element in a free group F freely generated by 
Xl, x2 , ..*, x,, . Let, further, G be the subgroup of C generated by 
1 + El, 1+t,, **., 1 + En, w(l + (1 , **-, 1 4 LJ1’m. 
Then the mapping 
P: t 
1 t- Ei -jgi (i = I, 2, . . . . n) 
41 + 5, ...) 1 $- &pm -+g 
can be extended to a homomorphism of G into H. 
Proof. Since His residually torsion-free nilpotent, it can be embedded in 
a Cartesian product P of torsion-free nilpotent groups H(l), H(2), *.*: 
H < P = fi H(i). 
i=l 
It is well-known (A. I. Mal’cev [12]) that a torsion-free nilpotent group X 
can be embedded in a minimal torsion-free nilpotent g-group X* of the 
same class. Thus 
P < P* = n H*(i). 
Notice that P* is a g-group, since it is a Cartesian product of g-groups. 
Moreover P* is patently residually torsion-free nilpotent. Hence the proposi- 
tion applies. Therefore, the mapping 
e:1+.$i+gi (i = 1, 2, .*., n) 
can certainly be extended to a homomorphism 4 of C into P*. But since 
extraction of roots is unique in P* 
$1 + 6, *-*, 1 -t LL)l’m$ = (w(l + t1, ***, 1 + &Jwm 
= 4% 9 . . ..g.)lh = (gym =g. 
Clearly, then, 4 induces a homomorphism of G into H which agrees with p on 
1 + ‘cl, 1+t,, -*-> 1 + E,, w(l + 51, .*., 1 + &J1'm. 
This completes the proof of the corollary. 
3. FIRST PART OF THEPROOF OF THE THEOREM 
Let us suppose that the theorem is false. Then there exists a free group E 
of rank n generated by elements g, , g, , *a., g, , g which are connected by 
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the relation 
w(g1 ? g, 9 . . . . gn) = g’“. 
(We have here adopted the notation of Sections 1 and 2.) 
Now free groups are residually torsion-free nilpotent. Thus by the above 
corollary the mapping 
. jl -I- ti-fgi (i = 1, 2, ..‘) ?z) 
p /75(1 + tl, ..‘) 1 + &$” ‘R 
can be extended to a homomorphism 7 of G onto E. Let K be the kernel 
of 7: 
g:- E. (1) 
We shall show that K = I. With this in mind we recall that a finitely 
generated residually torsion-free nilpotent group X is residually a finite 
p-group for every prime p (K. W. Gruenberg [5]); in other words, if p is any 
given prime then the intersection of the normal subgroups of X of index a 
power-of-p is 1. 
Now G is finitely generated and residually torsion-free nilpotent. Let us 
now choose a primep which does not divide m. Then of course G is residually 
a finite p-group. This implies, in particular, that 
fi G,,j = 1, (2) 
i,j=l 
where 
G;,r = G,W’. 
Gi is the ith term of the lower central series of G and Gp’ is the group gene- 
rated by the pjth powers of the elements of G. We emphasize that G/G,,? is a 
finite p-group for all i, j. 
It is easy to see, by utilizing Euclid’s algorithm, that if m is an integer not 
divisible by p then extraction of mth roots is uniquely possible in every 
p-group (cf. Gilbert Baumslag [3], p. 226). This means that modulo G,,j , 
w(l + c-1 > “., 1 + [,) actually has an mth root in the subgroup generated by 
1 + ‘51 , -.., 1 + [,, . By the uniqueness of the mth roots in G/Gisj it follows 
therefore that 
w(l + t, , ..‘! 1 + 5,)Gi.j Egp((l + Ei) G,.i 9 ***y (1 + 6,) Gf.i)* 
Consequently, the elements 
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actually generate G modulo Gi,j for all i, j: 
W6.i =gN + &) Gi,j > ---p (1 + 6,) G,,). (3) 
We return now to the isomorphism (1). Since G/K is a free group of rank n 
it follows automatically from (3) that G/G,,, is a homomorphic image of 
G/K/(G/K),,, . But 
(G/K)i,j = Gi,jKIK- 
Therefore G/G,,, is a homomorphic image of 
G/K/Gi,,K/K z GIGi,jK. 
Since G/G,,j is finite this implies immediately that 
Gi,jK = Gi,i 
and hence that 
K d Gi,j all i, j. 
But this means, on putting (2) and (4) together, that 
K < fi GiSi = 1 
i,j=l 
(4 
and therefore K = 1 as we claimed at the outset. 
We have therefore proved that G is a free group of rank 71 (cf. (1)). This 
seems unlikely; however, we are unable to show that this is not the case 
except in one special instance, namely, when w = w(xl , a*-, xn) is a pth 
power modulo the derived group F’ of F, with p a prime dividing m. 
4. THE FIRST PART OF THE PROOF, cont. 
With the above remarks in mind, we find it necessary to introduce the 
following proposition, which is of independent interest. (In the sequel p 
denotes a prime.) 
PROPOSITION 2. Let F be a free group and let w be an element of F which is 
not a pth power. Then there is a finite p-group G and a homomorphism 0 of F 
into G such that w0 is not a p-th power in G. 
proof”. It is clearly sufficient to consider the case where F is finitely 
generated. Let then a, b, -*a be a free set of generators of F. 
* This proof, which is a simplification of my original proof, is due to Graham 
H&man; so also is the remark that follows it. 
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‘rhe proof will be by induction on the length of w, i.e., the number of 
letters that occur in the (expanded) normal form of w. If  the weight of w 
in any generator (i.e., the exponerrt sum on that generator) is prime to p, 
we can clearly take G to be cyclic of order p. Thus we assume that the weight 
of w in every generator is divisible by p. Since zu is not a pth power, this 
implies that at least t\vo generators actually occur in w. It follows that there 
exists a homomorphism v  of F onto a free cyclic group % such that wp = 1 
and the images bcp of the generators b that actually appear in zc generate Z. 
Let lV1 , IV, be the kernels of the induced homomorphisms of F onto Z/D 
and Z/P”, where ZTS is the subgroup of nth powers of 2. Clearly ZL’ E N, 
and X1 __’ Iv, . 
Now let b he a generator occurring in ZL’ such that bN, generates F/AT,-- 
such a generator occurs by hypothesis. Then I, h, ..., b”+l are coset representa- 
tives for X1 and by the Schreier technique (cf., e.g., A. G. Kurosh [7], p. 36) 
we get a set of free generators for :Vl consisting of bl’ and appropriate elements 
bW I, where i, i run from 0 to p - 1 and c runs through the other generators 
ofF. If  we express w in terms of these generators, the length of the expression 
obtained is at most the length of ZL’ (this is always true of generators obtained 
by the Schreier technique). But if the expression for w begins with h, it is 
easy to see that the new length is actually less than the old (cf., e.g., A. Karass, 
\1’. Rlagnus, and 1>. Solitar [h]). \t:e can, of course, ensure that this is so by 
passing to a _ clzlic conjugate of either w or rc I, which will not alter the pro- 
blem. Thus ne can choose a normal subgroup 1, of N, with X,/Y, a finite 
p-group and zc:V, not a pth power in N,/AT3 . Clearly we can suppose that N, 
is even normal in P. Then let ,V == X2 n 11::~. I f  z6(N2 n NJ is the pth 
power of .x(X~ n iV.J, then :.,\T, -= N, is the pth power of xN, . But this 
implies that x E Ai1 , so that zc;;\‘, is the pth polver of the element xN, of 
Ai,/~z’,, , contrary to hypothesis. Thus zo(N, n iV3) is not a pth power in the 
finite /i-group F//V, n A’:+ , which completes the proof. 
Remark. A similar proof establishes that if p is a prime and X, y  are non- 
conjugate elements of the free group F, then there exists a finite p-group G 
and a homomorphism v  ofF into G such that sq andyg, are not conjugate in G. 
Both this remark and Proposition 2 may be compared with two similar 
results for finitely generated nilpotent groups due to Norman Blackburn viz: 
A. If  F is a finitely generated nilpotent group and w is an element of 
F which is not a p-th power, then there is a finite p-group G and a homo- 
morphism 0 of F into G such that 7~0 is not a p-th power in G. 
B. If  F is a finitely generated nilpotent group and X, y  are two elements 
4 ‘I’hesc results mw~ communicated to me by Dr. Hlackburn; B has recently appeared 
in: NORMAN BLACKBUHN, Conjugacy in nilpotent groups. Proc. Am. Math. Sm. 16 
(1965). 143-148. 
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of F which are not conjugate, then there exists a prime p, a finite p-group G 
and a homomorphism 0 ofF into G such that x0 andye are not conjugate in G. 
Notice that B is a little weaker than the remark above in that the prime p 
cannot be prescribed. 
COROLLARY. I f  w is not a pth power in the free group F then w is not a pth 
power module some term of the lower central series of F. 
We return now to a consideration of the group G. It is convenient to 
observe that we can assume that m is a prime p. For if g, , g, , ..., g, , g 
generate a free group of rank n then g, , g, , *.., g,, , gmlp also generate a free 
group of rank at least n where p is any prime divisor of m. 
Choose now, by Proposition 2, a member F, of the lower central series of 
F such that w is a pth power modulo F, but not a pth power modulo F,,, . So 
where z E F, is not a pth power modulo F,,, . Now form the direct product D 
of F/F,+1 and X = gp(x) identifying x* with z (cf. B. H. Neumann [13]): 
D = P’IF,+I x X; xp = zF,+,). 
Then D is a torsion-free nilpotent group in which wF,+, has a pth root. Since 
w is a pth power modulo F’, say 
4% t .*-, x,) = 24(x1 , x2 ) *--, x,)11 (mod F’), 
it follows that 
41 + 51 , *.., 1 + 5,) w(l + El, ***, 1 + L--l’ll (6) 
has a pth power in G’. But in the natural homomorphism (whose existence is 
assured by Proposition 1) of G onto D, 
41 + 5; , *.*, 1 + LL) w(l + &, . . . . 1 + kL)-l’p 
is mapped onto u(xr , *a., x,) F,+,w+; since this latter element is not in D’ 
the element in (6) is actually of order p modulo G’. So G is certainly not free. 
Hence we have proved what we have chosen to call the first part of the theo- 
rem. 
There remains now the second part, the part where there does not exist 
a prime p dividing m with w = w(xr , .a*, x,) a pth power modulo F’. 
5. THESECONDPARTOFTHEPROOFOFTHE THEOREM 
Again we assume the theorem is false. Thus we assume the existence of the 
free group E of Section 3. Here, however, there is no prime divisor p of m 
for which w is apth power modulo F’. 
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As before, we may restrict our attention to the case where m is a prime p. 
Instead of considering the group C of Section 3, we concentrate on the 
generalized free product I’ of F and an infinite cyclic group X with xv and ZL’ 
identified, where x is a chosen generator of X: 
Y = {F * x; w = x”). 
Let now 0 be the homomorphism of Y onto E defined by 
x,e = g, (i = 1, 2, *-*, n), xe =g. 
0 is well-defined since the images of x1 , .*., x, , x satisfy the relations satis- 
fiedbyx,,x,;..,~~, x. Thus if L is the kernel of 8, 
Y/L= E. (7) 
Our objective is to prove that L = 1. Essentially the underlying procedure 
is that of Section 3. 
We show first that G is residually a finite p-group. Thus we consider the 
normal closure N of P in Y. It is easy to see that 
N = gp(F, x-‘Fx, . ..) x-'"-l'~x"-l). 
So N is of index p in I’. Moreover it follows from the theory of generalized 
free products (cf., e.g., B. H. Neumann [I.?]) that N is itself the generalized 
free product of the free groups 
j7, x-lFx, . . . . x-C~-l,Fx~-l 
with the subgroup generated by zo amalgamated. So by a theorem of the 
author, N is residually a finite p-group (Gilbert Baumslag [2]). Therefore Y 
is itself residually a finite p-group. 
Let us now put 
Yisj = YiY”’ 
for all i,i. Then 
h Y,,j = 1. (8) 
i.i==l 
Notice that Y/Yi,, is a finite p-group and therefore nilpotent. We are parti- 
cularly concerned with the number of generators of Y/Y,,j . 
With this in view let us observe that Y/Y’ is a free abelian group of rank 
n since w is not a pth power modulo F’. In particular then any nilpotent 
image 2 of Y can be generated by n elements modulo its commutator sub- 
group. But by a characteristic property of nilpotent groups (cf., e.g., A. G. 
Kurosh [I], p. 218) 2 can itself be generated by n elements. In other words, 
every nilpotent homomorphic image of Y can be generated by n elements. 
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Consequently Y/Y,,j is an n-generator group for all i,j. This means (cf. (7)) 
that Y/Y,,i is a homomorphic image of Y/L. Now if (T is any homomorphism 
of Y/L onto Y/Y,,j then the kernel of (5 certainly contains 
(W),,, = Y&L. 
But then Y/Yi,j would be a homomorphic image of 
Y/Wi,iLIL r YIY& 
the finiteness of Y/Y,,j therefore forces us to conclude that Yi,jL = Yi,i , 
I.e., that 
L G yi.j (9) 
for all i, i. But then we find on putting (8) and (9) together that 
i.e., L = 1. 
L < fi Yi,j = 1 
i,j=l 
Once again we are in a position to derive a contradiction for we have just 
proved that Y is a free group of rank 11: 
Y=(F*X;xp=w)=E. 
In particular, then, Y can be generated by n elements. This is not so however. 
Observe that w is not a primitive. Thus if W is the normal closure of w, 
then F/W cannot be generated by n - 1 elements (W. Magnus [12]). Let 
now V be the free product of F/ W and XIX? 
V=F/W*X/Xp. 
Clearly V is a homomorphic image of Y. But by the Grushko-Neumann 
theorem (cf., e.g., A. G. Kurosh [I], p. 58) on the number of generators of a 
free product, V cannot be generated by fewer than n + 1 generators. The 
same is therefore true of Y. This final contradiction establishes the second 
part of the theorem and therefore completes the proof. 
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